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Solution of the Fokker—Planck Equation
for the Shock Wave Problem
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An cigenexpansion solution of the time-independent Brownian motion Fokker-
Planck equation is given for a situation in which the external acceleration is a
step function. The solution describes the heavy-specics velocity distribution
function in a binary mixturc undergoing a shock wave, in the limit of high
dilution of the heavy species and negligible width of the light-gas internal shock.
The diffusion solution is part of the cigenexpansion. The coefficicuts of the series
of cigenfunctions are obtained analytically with transcendentally small errors of
order cxp(—1/M), where M <1 is the mass ratio, Comparison is made with
results from a hypersonic approximation.

KEY WORDS: Fokker-Planck cquation; shock wave; Brownian motion;
cigentheory.

1. INTRODUCTION

The evolution of heavy molecules dituted in a host light gas can be
described at the kinetic level by the same Fokker-Planck (FP) equation
governing the Brownian motion of particles. Although this equation has its
origin in the theory of stochastic processes,? it also applies to the heavy
molecules in a binary mixture and can be derived from the Boltzmann
equation of the heavy gas (which is assumed very dilute, so that heavy-
heavy collisions may be neglected) by expuanding the cross-collision integral
in powers of the molecular mass ratio M (M =mfm, €1, where m is the

! Department of Mechanical Engincering, Yale University, New Haven, Connecticut 06520-
2159.

?See, for instance, the compilation of review papers edited by Wax'"' and the work of
K ramers,'?! or the derivation given in the textbook of Résibois and De Leener.?®! Extensions
of the FP equation to a nonequilibrium host gas, from the stochastic point of view, were
made by Mazo'® and Slinn and Shen.'®!
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molecular weight and the subscript p stands for the heavy species or par-
ticles). This expansion was carried out by Wang Chang and Uhlenbeck‘®
for the case when the light gas is in equilibrium, and extended to a non-
equilibrium host gas by Fernandez de la Mora er al.!”

When the difference between the species mean velocity is small com-
parcd with the light-gas sound speed, the FP cquation for the heavy-specics
velocity distribution function f(u, x, ¢) reads‘”

8, f+u-Vf=t"'V - [(u=W) [+ (kT/m,)V, [] (1)

where k is Boltzmann's constant, T(x, r) is the light-gas temperature, and
W(x, ) is given by

W=U+Doa;VInT (2)

while U(x, ) is the light-gas velocity, a, is the thermal diffusion ratio,"”
and D is the binary diffusion coefficient, related to the relaxation time t
entering into Eg. (1) by Einstein’s law:

t=m,DfkT (3)

The driving force W/t duc to the motion of the light gas plays here (he
same role as the external acceleration arising in the theory of stochastic
processes.'"!

In the particular case in which W is a constant, the solution of Eq. (1)
for stationary problems can be expressed as an cigenexpansion,'™!" which
must be completed by adding a so-called diffusion solution,"'>*!>'® gince,
in general, the system of eigenfunctions is not complete."'*’ However, in
most cases, due to the peculiar form of the boundary conditions, the coef-
ficients of the cigenexpansion have to be calculated by complicated
numerical algorithms.!'>'>'%-21) For instance, in the case of an absorbing
boundary at x=0. f(x=0)=0 for u,> 0. Since the orthogonality proper-
ties of the cigenfunctions are in general extended to all the values of u,
(—o0 <u, < +o). they cannot be used to determine the coefficients in the
eigenexpansion.®> The same difficulty arises for perfectly reflecting and
mixed boundaries. The numerical task of obtaining these coefficients by
such mecthods is then enormous, since a very large number of cigen-
functions is needed to reach a rcasonably good precision, particularly near

3 Half-range orthogonality propertics with a weight function similar to the Chandrasckhar H#
function for the neutron transport problem have been proposed 1o obtain these
cocflicients.'**) However, no such weight function has been found, to our knowledge, for any
problem involving the Fokker-Planck equation.
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the boundaries'® (sufficiently far from the boundaries, the diffusion
solution is. in most cases, a good approximation to the exact solution).

In the present paper, we give an analytic “almost exact” solution [with
an error of order exp(— /M), M <1]* of Eq. (1) in a situation in which
W, T, and t change discontinuously at x =0, taking constant values in the
intervals —o0 < x <0 and 0 < x < +00. Physically, the problem models a
situation in which the light gas undergoes a normal shock of zero thickness
and the heavy species is highly diluted (n,/n <1, where n and n, are the
number densitics of the light and heavy species, respectively). The
cigenexpansion cocflicients are obtained analytically via orthogonality
properties {within the error O[exp(—1/M)]}. while the diffusion solution
is contained in the cigenexpansion.

In addition to its mathematical interest, the present work yields a
nearly exact kinetic description of the far-rom-cquilibrium behavior of dis-
parate-mass mixtures in a regime where they are of considerable industrial
importance. Our results thus yield a standard against which other
approximate theories may be tested, as we show in Section 3 for the hyper-
sonic method of closure of the hydrodynamic equations.!**2%

2. SOLUTION OF THE FOKKER-PLANCK EQUATION
FOR THE SHOCK WAVE PROBLEM

Consider the one-dimensional steady flow of a disparate-mass binary
mixture with supersonic velocity Uy and temperature T,. By sclf-collisions,
the light gas is decelerated to a velocity U and its temperature increases to
a value T in a distance which, roughly. is m/n, times shorter than that
needed by the heavy gas to equilibrate with the light gas by cross-collisions.
Therefore, the light-gas shock wave may be considered, in first
approximation in the mass ratio m/m,, as a discontinuity occurring at
x =0. Moreover, since n,/n is very small, the post-shock values of the light-
gas velocity and temperature U and 7T arc assumed constants through the
relaxation zone x >0 (see, c.g.,, Fig. 1). Thus, the Fokker-Planck equation
(1) for the hecavy-gas velocity distribution functions [/ (y<0) and
f*(x>0) can be written as

tou, 0, f =V, [(u=Uye ) f~+*kTy/m,)V, /"] x<0 (4)
w, S =V, [(u=Ue) f* +(kT/m)V, f"] x>0 (5)

where e is the unit vector in the x direction and the relaxation times t and

*For He-Ar mixtures (M =0.1), expl—1/M)=454x10"% for He-Xc (M=0031),
exp(—1/M)=978x 10",
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7, are given by Eq. (3) evaluated at post-shock and pre-shock conditions,
respectively. U and U,, and T and T, are connected through the Rankine—
Hugoniot conditions

UlUg=[Mi(y—1)+2]/(y + 1) M? (6)
TITo=142(y = D(M2=1)(yM2+ 1)/(3 + 1) M3} (7)

where 7 (=35/3) is the specific heat ratio of the light gas and M, is the
Mach number based on the upstrecam light gas conditions:

M3 = UY(ykTo/m) (8)
The boundary conditions for Egs. (4) and (5) are

S o= nm 20k To ) exp[ — (m,f2kTo) lu— Uge |°], as x = —o0

(9)

S =, (m 2k T expl = (m 2k T) lu— Ue|*],  as x> +o0

(10)

S x=0)=f"(x=0) (11)

that is, as x » —oo and x — +00, /= and '+ are Maxwellian distributions
with number densities, mean velocitics, and temperatures Ny Ug, Ty and
Ny, U, T, respectively. (The number densitics are related to the mean
velocity through the continuity equation n,, Uy =1, U).

It is convenient to write Egs. (4) and (5) in polar cylindrical coor-
dinates in velocity space with polar axis directed along e,. On using the
dimensionless variables

¢ =u f2kTim,)'" (12)
nt =2+ ul) )2k TIm,)"? (13)
y* =x/1(2kT/m)""* (14)

for x>0, and similarly £, ™, and y~ with T, and 1, instead of T und 1
for x <0, Egs. (4) and (5) become

EYaoftjoyr =& =V)of *fo&t +nt of font + 3
+A OGO o+ (Of Hlom Tyt ] (15)
where

V=U{(2kTim,)'? (16)
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and similarly for x<O but with &=, y~, f~, »~, and
Vo= Ug/(2kTy/m,)'" (17)

instead of &*, n*, f*, y*, and V. [Notice that V, is a large number of
order M~ since Uy > (yhTo/m)"V2.]

Equation (15) and its counterpart for x <0 can be separated. Since
both cquations are completely similar, we will only consider the equation
for x>0, dropping the superscript+for the moment. Defining the
functions F(€) and L(z) (where z =y?) as

J(& n, y)=HE) L(z)exp[—(E =V —9/2)* —z—yy]

with y an arbitrary constant [not to be confused with the ratio of specific

heats in Eqs. {6)-(8)], alter substituting into Eq.(15), these functions
satisfy the ordinary differential equations

H =2, -V—-y7YH +[y(y+2V)-2C]H=0 (18)

2L+ (1 =z) L'+ (C2) L=0 (19)

where C and y are separation constants. By choosing

C=2m, m=0,1,2..
(20)
Yy +2V)—=2C=2n, n=01,2..

we have that LEgs. (18) and (19) become Hermite and Laguerre equations
of order # and m, respectively.“® Hence the solution of Eq. (15) for x>0
may be written as the expansion

\ff = M Q‘H:m:AﬁAf - w\l.v‘“:v hiAw\.fuv

ey

xexp[— (& = V=32 /22 —n* 2=yt y*]

+M ?: \\:Am+ - —\|v_~m:v Nx:_:N.va
XGXU—HIAN; - —\vlﬁ‘ﬂa\wvm|.-+~.|.V.\N:_v\+“_ AN_V

where /1, and L,, arc the Hermite and Laguerre polynomials of degree n
and m: yZ is given [from Eq. (20)] by

v P

piLo= = (V2 dm 4 2n)' (22)
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and the coefficients a* and b*

e er

.\.I ”M Q%ﬂ...\;\ta“l - h\olv

xexp[ = (67 = Vo—y0n/2) = (™) =iy )

+Y b HAE™ = V=30 ) L, [(n7)7]

arc arbitrary constants. Similarly,

2L, [(7)*]

xexp[ = (&~ = Vo=700/2) = (=Y =07 ] (23)
where

Aw.muIv\cH:\w+§:+N~::u Awf

The two cigenfunctions corresponding (0 n=m=0 can be identificd
with the cquilibrium Maxwellians and with the so-called diffusion solution
to Eqs. {4) and (5). This last function is the product of a Maxwellian and a
function of the single variable x — i, and must be added to the system of
eigenfunctions resulting from separating variables in order to make it
complete."'* """ The function (x—1u, ) exp(—m,u*/2kT) is the diffusion
solution for the one-dimensional problem in a medium at rest.""® For the
presenl case, the diffusion solution is not lincar but exponential in the
group x —rtu,. As a result, exceptionally, it is separable and is already
included within the eigenexpansions as

gn=arexp[2V(y* =& ) Jexp[ (& = V) = (n ")) (25)
San=Avexp[2Vo(y™ —&7)Texp[ — (&~ — V) — (n )] (26)

where a, and A, are constants [notice the correspondence between these
functions and the terms in Eqgs. (21) and (23) whose constants are b5, and
o0» Fespectively].

Since the y;, are negative constants, the coefficients 4}, must be equal
to zero in order for £+ to be bound as y* — 00. A similar condition for /-
as p~ — —oo implics that all «, =0, except for ag. From the boundary
conditions (9) and (10),

o

g = Npoo(m 20k T) 27
dg = Nyo(m, 21k T, ) (28)

The remaining constants a},, n, m 0, and b, may be obtained by making
use of the boundary condition (11) and the orthogonality properties of #,

and L

e
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Instead of the orthogonality properties of the functions H,. it is

advantageous to use those of the functions

G Q) =exp[—(§—V—yE /D1 H,(( -V =v%) (29)
GhE(E) =exp[ — (&= Vo—10i/2)’ 1 H (&= Vo—10k) (30)

which are given in the Appendix. A consequence of the orthogonality
propertics of these functions G is that only the term ag, in Eq. (21) and the
term ag in Eq. (23) (corresponding to ygy = yay =0) contribute to the flow.
Thus, substituting the expansions (21) and (23) into the condition (11),
multiplying by n*&* dé* dp*. and integrating over velocity space
(between 0 and oo for 5 and between — o0 and + oo for £), onc obtains the
continuity cquation n,4 U, = n,,, U, where use has been made of Egs. (27)
and (28). On the other hand, multiplying by

ML, expl(EY = VY 1EGr(Er)dE™ dn*

and integrating over velocity space, one gets

\—3: Q:‘Z = MU w:::,\,\v.,M + A‘A.S:Q:o& Au _ v
it
where
Ay =07 cxp[(y2,}21 (V +72,) /n 2'n! (32)
o
By =2 % dx xL,(x*/0) Lx"yexp( = x7)
0
x ﬁ " dx x exp[(x/0'2 = V)] G 1, (/6") GO (x) (33)
=2 ﬁf v dx xL,,(x/0) exp(—x*) 5.. ? dx
4 -
x xexp[ (/017 = V)]G (/0 ) expl[ = (x = Vo)'] (34
and

0=1/T, (35)

Similarly, multiplying Eq. (11) by

207 L, L) Dexpl(& = Vo) 1§ GhL (67 ) dE dy~
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and integrating over velocity space, we have

Dumbr;n = Z Erm:k/af:"; (36)
&1
where
D,,,=0"2exp[(¥%, )12 (Vo +1%) /m 2'n! (37)

+a
Epppy=2 j dx xL,(x?0) L{x?) exp(—x°)

« Jviw‘n dx x cxp[(xgln _ ,/0)2] GC:; (,\'9“:) G;}(Y) (38)

To obtain the above expressions, use has been made of the properties piven
in the Appendix (notice that n~ =0"Yy* and &~ = "3 +).

The infinite system of algebraic equations (31} or (36) may be solved
by successive approximations. For instance, one can make a guess for the
cocfficients b7, and use the equation [combination of (31) and (36)]

"o

Dby = [Z Ey (”&) + Z Bt ”JL.)/AM | (39)

kit

to obtain improved values of the coefficients by, and so forth [notice that
ag is known from Eq. (28)]. The coefficients a}, arc then obtained from

Eq. (31). Obviously, a reasonable first guess is 5, =0 since it implics that
for x <0 the distribution function is the Maxwellian

ST =agexp[—(E™ = Vo) —(17)°] (40)

that is, the exact distribution function as y~ — —co.

The main difficulty of solving Eqgs. (39) and (31) resides in the
evaluation of the coefficients B,,,,, and E,,. Though analytical expressions
in terms of finite sums can be found for them,'?” 2*! they arc so complicated
that their use in the expressions (39) and (31) becomes numerically imprac-
ticable. However, the first guess b =0 is indeed a very good one. Its
plausibility follows from the following arguments: apart {from the term
given by Eq. (40), the remaining members of the series (23) (notice that
a,,. =0 for n, m#0) decay very rapidly to zero as y =~ — —o0, since all the
constants y%- appearing in the exponentials are very large negative num-
bers (the smallest of them is y35 = —2V, of order M~ '/?). Moreover, any
hydrodynamic description of the problem will necessarily yield f~ exactly

through Eq. (40) becausc the heavy gas is in hypersonic conditions for
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x <0 and does not “know” the presence of the light-gas shock until it
reaches the discontinuity at x=0. Accordingly, for x <0 heavy and light
species are in equilibrium at temperature T, and velocity U,.

A quantitative estimatc of the errors of this approximation b7, =0
may be obtained by inserting f~ of Eq. (40) and /'* given by the complete
series (21) into thc boundary condition (11} in order to determine the
resulting coeflicients a,, and b, . Using the orthogonality propertics of the

functions G and Eqgs. (A8)-(A9) of the Appendix, in addition to the recur-
sion formula for thc Hermite polynomials,®*® we obtain

ar 2'mt(V+yt)
= n,0{m [2nk T2 exp[(Vo— V) 7.},
+ (O =3)a (0= 1)o7
x{=[80~1)]""2H,, (s,.)2
+[0O— 1) s+ V+y T H (5,0} (41)
where the constants s,,, are

Spm = [(Va= VY2032 (1 =20)]1[0(0 - 1)] 722 (42)

i

with similar expressions for A" but with y7 instead of y,. From the
cquation for b7, it follows that these coefficients are not exactly zero—as
they should be in the cxact solution—being instead of order exp(—1/M)
(or smaller), which is a transcendentally small number for M < 1.5 Con-
sidering that the inaccuracy of ignoring the finite width of the light-gas
shock is far greater than exp(—1/M), an attempt of a more accurate
description of the problem would make little physical sense. Therefore, with
errors O[exp(—1/M)]. the solution for x>0 can be written as (dropping
the superscript +)

S=3 4, Gol&) L(n?) exp(—n =7y, ») (43)

st

* The dominant term in the coellicicnt Ay, given by Eq. (41) with Yoo 18 the exponential term,
which is not nnity as in the case of g, because yg= =2F instcad of pl,=0 [so that
g = O(1)]. Therelore, hgg zexp[ =2V Vo~ V(1 —0-")], where @ is always larger than one.
Vqis of arder M~'7, and V, except for strong shocks, is of the same order (but for strong
shocks, Vy is much larger than Af~'2). Then, bg= O[exp(~1/M)]. Numerical com-
putations show that 2} decreases very rapidly as # or mr increase, so that all the coefficients
b, are, at most, O[exp(—1/M)]. Indeed, the same numerical computations show that the
largest coefficicnt, that is, &g;, is much smaller than cxp( — 1/M). Thus, with M= 1.5, for
He-Ar [exp(—1/M)=4.54%10"%], bg=112x10"" and for He-Xe [exp{—1/M)=
9.7 x 10, by =13x 102
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with the coefficients a,,, given by Eq.(41). [Obviously, these coefficients
a,,, are identical to those obtained from Egq. (31) by letting b =0; also,
the coefficient aq, given by Eq. (41) coincides with that of Eq.{27).] For
x <0 the solution is the Maxwellian distribution (40), which, in terms of &
and n, reads

Jo=n,olm2nkTo) " exp[ —0(& — V)* — 0n°] (44)
where, for convenience, ¥, has been redefined as
Vo= Uy(m,2kT)* (45)
[The parameter ¥, used in Egs. (41) and (42) is also that defined by
Eq. (45).]
3. RESULTS

Once the distribution function f is known, the evaluation of its
moments is straightforward. Defining

n,,Ejfd’u (46)
", U/,=Juf du (47)
P,,Em,,j(u—U,,)(u-—U,,)fd"u (48)
T,=P,/n,k (49)
Q,,Em,,J(u—U,,)(u—U,,)(u—U,,)_/‘d’u (50)
s = 1o ) 20k T, ) (51)

and making use of the orthogonality properties described in the Appendix,
we obtain the following expressions for the dimensionless density, mean
velocity, temperature tensor, and heat flux tensor:

Np = ’,p/”p() = Z ([u()( —'}JMO)” exp( "'Vu() .,V) (52)
nw0
U,=U,(m,2kT)'? = V/N, (53)

T.= P,,_n/n,,k T,

= (20/N,) {:100( V24 1/2)

+ i [du()( —‘YNO)" cxp( "7’,.0 }’)( l/2 - ”/ylzr())] - VE)/NI’} (54)

ne |
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T, =P, /nkT,

=P,./n,kT,

=(8/N,) {‘Ioo—don exp(—7o: ¥)

+ Z [dupl—7.0)" cxp(—v,,o,v)—d,,,(—}',..)"CXD(—"/,,l.v)]} (35)

2ol

Qpl[ = Qp.\'.!t\/Up.\ Pp.\.\

b —

=(20/VoT ) {dm( V4 3j2) v

- z [l =7.0)" exp(—7v.0 )')(ZII/ng)]} ~3-20 V%/Tpu Nf, (56)

n=1

0 5 10

Fig. 1. Plots of N,, U, T,y and T, for He-Ar with M, = 1.5. The horizontal straight lines
are the pre- and post-shock values of these propertics for the light gas (as explained in the
text, the light-gas shock wave is a discontinuity occurring at ¥=0). The dotted lines
correspond to the solution of the hypersonic approximation (60)-(63).
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QPJ. = Ql’.\'p'.v/ UP~‘ Pp-"-"

= pr:z/ prP psz
=(0/V0Tp4.){‘100V
- Z [2 ul(_vul)"cxp(_?nl}')/},nl]}_l (57)
n=|

All the remaining terms of T, and Q, are cqual to zero.

These moments of f for x>0 arec shown in Figs. 1-3 for He-Ar and
He-Xe¢ mixtures (M =0.10 and M =0.031, respectively) with Mach number
M,=15.

Some comments on the numerical computations are worth mentioning
here. The convergence of the scries (52)-(57) is rather slow (particularly
near y =0). the more so the larger the Mach number. Thus. for He-Xe, to
reach N,(y=0)=1 with an error less than or equal than 104, 16 terms of
the series (52) were needed for M, = 1.5; 40 terms for M, = 2; 141 terms for
M, =3; etc. The results of Figs. 1-3 for M, =1.5 were calculated with a
number of terms in the serics (52)—~(57) such that N,(y=0)— 1 is less than
10~ (of course, double precision was used in the numerical computations),
For moderately large values of M, the use of logarithms was required in

2 T T ¥ j
ViV,
. [}
L 1 '}
0 5 10 15

Y

Fig. 2. Plots of N,, T, and T,, for He-Xe with A, = 1.5. The dotted lines correspond to
the solution of the hypersonic approximation (60)-(63) [7,, given by the hypersonic
approximation is indistinguishable from T, given by Eq. (55)].
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05

-

y

Fig. 3. Heat flux 0, [Eq.(56)] for He-Xe and He-Ar with M, = 1.5,

order to avoid numerical overflows in the computer when evaluating the
large-n terms in the series (52)-(57). To this end, it is preferable 10 com-
pute the Hermite polynomials in terms of the Laguerre polynomials:‘2®

Ho(x)=(=1)"2""m! L{-"2(x?) (58)

Hapo ((x)=(=1)" 27" % Il x LI (x?), m=0,1,2,. (59)

As a comparison, Figs. | and 2 also show the results from the lowest
order hypersonic approximation,® 2% in which P, is neglected in the
momentum conservation equation and Q, is ignored in the equation for
the temperature tensor. Within these assumptions. N,. U,. T, and T,
obey the equations

N U, =V, (60)
dU,jdy= VU, ~ | (61)
dTfdy =2(0~T,, V/U,}U, (62)
dT,, fdy=2(0-T, )/U, (63)

with the boundary conditions at y=0: N,=1, U,= Vo= M, (7/2M8)'?,

T,1=T,. = 1. Obviously. the agreement between these hypersonic results

and those of Egs. (52)-(55) is much better for He—Xe than for He-Ar, since
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2 T v Y T T T
He-Ar /77 He-Xe
1k -
0 ..u A A i Il A
0 2 4 6
§

Fig. 4. Section 5 =0 of the distribution Tfunction given by Eq.(43) [divided by
rzm(anT/m,,)‘m] for He-Ar (at y=3) and He-Xc (at y =6} with M, = |.5. The dotted lincs
correspond to the Gaussian distribution (64).

the hypersonic approximation is the better, the smaller the mass ratio M is.
As shown in Ref. 25, the crrors of the results given by Eqs. (60)-(63) (the
lowest order of the hypersonic expansion) are O(M ), while the errors of the
solution (52)-(57) are by far much smaller [of order exp(—1/M)].

Finally, the distribution function (43) [after making it dimensionless
with n,o(2nkT/m,)~** and evaluated at 5 =0] is shown in Fig. 4 for the
same cases as in Figs. 1-3. In addition, the same figure contains the
Gaussian distribution

fG = (NP93/2/T1/2 Tp.L) exp{ _0[(6 - Up)lepll + '72/Tp1] } (64)

Al

with N,. U,. T,,, and T,, given by the hypersonic approximation
(60)-(63). As shown in Ref. 25, this Gaussian distribution is the lowest
order solution of a hypersonic expansion of the FP cequation. Notice that
the heat fluxes (Fig. 3) are very small, but they arc not exactly zero as
would correspond to a Gaussian distribution. The values of y for the dis-
tribution functions plotted in Fig, 4 have been chosen as y =3 (He-Ar) and
y=6 (Hc—)Sc), where. approximately, the parallel temperature 7, reaches
a maximum so that the conditions are far removed from equilibrium and
the FP and the hypersonic solutions differ most (see Figs. | and 2).
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APPENDIX. ORTHOGONALITY PROPERTIES
AND OTHER RELATIONS

The functions G, and G% [Eqs. (29)-(30)] satisfy the ordinary

nen nm

differential equations

dlexp(§ — V) dG L Jd)/dE + 23 2,6 + 1= 2m)exp(§ — V) GE, =0 (Al)

nen

and similarly for G3% with ¥, and y2% . Hence, the orthogonality properties
are

("7 de G, GE expe— vy =0, it nn (A2)

w'er ™ onm
Y- x

with identical expression for G%%, where V' is substituted by V,. For n=n’

T

the value of the integral (A2) is

mt 22V 4yt ) expl(v2,)Y2]
Since Ggy =cxp[ — (&~ V)*], we have

f g G =0, n#0

o (A3)
=n'?p, n=0

For any valuc of the integers # and m, since®®?

["7 dvexp(—x*) H,(x+y) Hyx+2)

o
=/rml 2" L (= 2y2), m<n (Ad)
where L{~")(x) are Laguerre polynomials, onc obtains, on using L{*)(x) =

—x+a+ 1 and Eq. (20),

[T de G, = -2 Sami—yz )y nr0
= (AS)
= J/r(V +14./2). n=0

and

[ @ 6s=a-yty (A6)

LA
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Equations equivalent to (A5) and (A6) would apply to G°t after sub-
stituting % _and ¥ by y°% and V.

The orthogonality properties of the Laguerre polynomials can be
written as®%

jmo dx L, (x) L, (x)exp(—x)=0, mEm'
° (A7)
=1, m=m'
Other integrals used to c¢valuate the cocflicients a,,, are?"+3"
+ o0 —p)?
[ dxexp [ - ("—21’—} H,(x) H,(x) (A8)
—w a
mingr,e) m n y
= k' 1 — 2\ (et 42—k Hk "
a\/; kgo <k)(k)( a ) 2 Hm+lr—-A I:(I_a)llz]
+00
j dx exp(—0x) L,(x) = [(0 — 1)/07"/0 (A9)
0
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