’!

Reprint tfrom

Rarefied Gas Dynamics
Edited by Alfred E. Beylich

© VCH Verlagsgesellschaft mbH, 1991

Weinheim - New York

- Basel - Cambridge



Brownian-Motion Limited Aerodynamic Focusing of Heavy Molecules
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Thermal agitation is the major phenomenon limiting how narrowly a beam of
heavy molecules suspended in a light carrier gas can be focused by acceleration
through a converging nozzle. Here. the problem is studied numerically by two
different methods: hypersonic theory and Brownian dynamics simulation, with
a good agreement between both. A near-axis simplification of the hypersenic
equations yields the focusing characteristics of inviscid two-dimensional flows
in nozzles with straight walls converging at various angles.

I. INTRODUCTION

A recent extension of earlier experimental and theoretical work"? has shown the possibility
of sharply focusing microscopic particles suspended in a carrier gas practically into a point, by
acceleration through a converging nozzle.** Evidently, this kind of acrodynamic focusing would
be of considerable interest if it conld also be attained in the case of heavy molecules suspended
in a light gas (He or H;). Unfortunately, the minimum width d,,, of the focused beam appears
to be seriously lmited by the therinal motion of the heavy particles.

An order of magnitude analysis® shows that, for sonic nozzles, d,, is of the order of {mfm,) 1.3
times the diameter d,, of the accelerating nozzle, where m and my, are the molecular masses
of the carrier and heavy gases, respectively. However, experimental work with mixtures where
mp/m ~ 160 has shown that such an estimate underpredicts the minimal focal width by a
factor typically larger than five. so that d,./d, is as large as 0.4 (rather than 0.075). even
for the extreme case of Hy — IW{CO)s mixtures.® Such a modest geometrical concentration
would preclude any truly singular manifestation of the focusing phenomenon for all conceivable
molecules with non-negligible volatility, unless design conditions far more favourable than those
of reference 5 could be found. In this article we extend earlier work?® in order to compute the
effect of Brownian motion on the minimum widih of a beam of heavy molecules which would
otherwise be infinitely narrow. Hopefully, the numerical techniques developed will guide the
design of optimal focusing nozzles capable of minimizing Brownian focal broadening.

The Brownian movement in gas mixtures far from equilibrium cannot be described by the
standard fluid dynamical equations. Accordingly, because under conditions leading to acrody-
namic focusing the heavy gas is strongly uncoupled from the carrier, its theoretical description
requires a kinetic theory. Although under the present circunstances characterized by a large
wass disparity {m,/m > 1) one may use the Fokker-Planck® rather than the Boltzmann equa-
tion, still. this reduced kinetic equation in 6 dimensional phase space is most often numerically
intractable as a partial differential equation. It can however be attacked via Brownian dynamic
(B.D.) simulations.™*? Alternatively. a simplification arises for the case of a focusing beam. due
to the fact that the ratio of convective to thermal speed of the heavy gas [a Mach number which,
when the light gas jet is sonic, takes values of order {m,/m)'?| is a large number. One may
then systematically close the problem at a hydrodynamic level by means of a hypersonic theory
(H.T.) which retains the effect of thermal agitation.'®!! The accuracy of this hypersonic closure
has been succesfully tested against some exaet solutions to the Fokker-Planck equation.'®"
Furthermore, the hyperbolic nature of the hypersonic squations within their range of validity
permits a relatively easy numerical attack for complex flows by the method of characteristies
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(M.C.). The accurary and convenience of this numerical method has also been established by
. . L . L s
comparison with existing solutions to the Fokker-Planck equation.

In the next section we intreduce the H.T. and solve the equations by the M.C. A near-axis
simplification of the H.T. is succesfully t»sted against these results. and used then to charac-
terize the focal region. A comparison of the hypersonic results with B.D. simulations is made
in Scetion IT1. which is followed by a discussion and a comparison with experiments.

II. HYPERSONIC THEORY

I1.1 Governing Equations. The following theoretical study is based on the lowest order
hypersonic closure of the hydrodynamic equations for the heavy gas, which incorporates Brown-
ian motion effects. In this approximation. the pressure tensor P, is preserved in the momentum

equation. and the heat flux is neglected in the conservation equation for P, 10-13

DX\=-Y-U, . DU +&((T,- V)2, +V T,|=(U-U,)/S .

DT, + (T, VWU, + (T, YU =«TI-T,)/S . (D= a/at+U, V) . (1)
In these equations. A, = log{p;/ppo). where pp is the heavy species density and p,. a reference
; density: U, and T, = Py, /kp, are. respectively, the dimensionless heavy gas velocity and
’ temperature tensor; U and T are the carrier gas velocity and temperature; the dimensionless
1 parameters S {Stokes number. which measures the decoupling between bhoth species) and ¢
1 (inverse of the heavy gas Mach nunber) are defined by
S=Upt/Lp . E=kTp/m U} << 1 , (2)
:
s where Lg. Uy and Ty are a reference length, velocity and temperature, k is Boltzinann’s
, constant, and 7 is the heavy gas relaxation time. related to its diffusivity D in the carrier gas
N through Einstein's law D = kT7 fin,.
. The computations in this section correspond to the two-dimensional geowetry of Fig. 1, with
. semiangles 0 = 90,607, 45° and 30°, whizh. when U is given by potential flow theory and T is
. constant, constitutes an efficient aerodvnamic lens.* We take T = T, Uy = Max|med(U)] and
L{f = (1,_/2.

Fig. 1 Seeding conditions for heavy molecules injected in an inviscid incompresible gas.
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11.2 Integration by the method of characteristics. For this case we consider only a
nozzle angle # = 90°. The heavy species is seeded far upstream with uniform density on an
arc of angle o’ (see Fig. 1), and Eqgs. (1) are solved via the M.C.'? Since the seeding arc is
relatively close to the orifice (R, = 2 Lz). the initial value of the heavy gas velocity departs
from that of the carrier gas; assuming far upstream equilibrium conditions, the velocity at R,
can be approximated through U, =~ U — S{U- V)U. In the case of S = 3, which is the highest
Stokes number that has been used here, the correction is about 30%. and the corresponding
error is of the order of its square. The initial temperature tensor is taken to be T, = T I. This
quantity departs also from the value corresponding 1o equilibrium far upstream by a quantity
of order S({T, - V)U,. The corresponding correction, however. is anisotropic and complicates
considerably the initiation of the integration process. Accordingly, although these results do
not correspond strictly to equilibriumn initial conditions. they embody a complete solution to the
H.T. with which other approximate results can be compared. For the numerical computations,
a grid of vertical lines is used, with a separation of Ar = 0.001. The M.C. is started at the
first of these vertical lines (x,) where the properties are evaluated from the initial conditions at
the seeding arc in the following fashion: The points in r = z, swept by the Prandtl-Meyer fan
emerging from the corner of the seeding arc are characterized using the exact solution given
in Ref. 12, Sec. IIL.B, while the position and properties of the remaining interior points are
obtained from a deterministic integration along the trajectories. Once the heavy component
properties at r, are known, the M.C. is followed to evaluate them at succesive lines 1y, xa, ...,
until the focal region is passed. The numerical computations take more than half an hour of
CPU time for each run. because one has to solve seven ordinary differential equations along five
different characteristic directions for cach grid point (see Ref.12 for the details of the method).
Typical density profiles of the heavy component are shown in Fig. 2 for ¢ = 0.05. $ = 3
and o' = 20°,45°. Notice that the beam width (measured by the coordinate ¥12(x) such that
nlyi2. x] = n{0,x)/2 ) reaches a minimum at a focus near * = 1.2. Furthermore. ¥1.2 1s inde-
pendent of the seeding angle ' (Fig.3), and is nearly linear with ¢. -
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Fig. 3: a— b Transversal density profiles
at the nozzle exit (o« = 0) and at the focal
point for € = 0.05, o’ = 20°, 45°, and
S =3 {ina) and § = 2 (in b). The
marked curves correspond to o' = 45°.

Fig. 2: a — b Transversal density pro-
files and trajectories from the method of
characteristics for S = 3, ¢ = 0.0 and
o' = 20° (in @) and o' = 457 (in b).

LA

wh
the
res
the
tai
pro
deg

tra
thr
a ¢
citl
ten
pro
be
tra;
dic
!
ang
Ref

bea:

sect
hyp
seed
geor
and
Igi



. . .
? Brownian-Motion Limited Aerodynamic Focusing of Heavy Molecules 217

I1.3 Near-axis theory for a Gaussian density profile. The structure of the focal region
can be more easily studied with a simplification of Eqs. {1} valid near y = 0, where one keeps
only lower arder terms in an expansion in powers of y. Defining the new transversal coordinate
7 = y/e, of order unity near the axis, and taking the radial particle velocity and density
profiles to be linear, and Gaussian in 5, respectively, the problem admits a solution with the
following structure: A, = A {x) + i Ala), Upe = wolx) + € uylx. )y = ple) + N qlr), w =
Upgfe = n wola), Tpze = TUz)+E Tl ), Togy = Tol2)+E Toalr ), Tpe: = Talx)+e Tailx,n),
b,y = Tpry/¢ = 0 B(x). In terms of the light gas quantities U, = u, e P an(x). Uy = epwalx).
T = Tio(x) + € 92 T (), up to second orden in ¢ Egs. {1} become®'?
dAr, | du,

dx + dx

d _ du. | .= _
Tr TRoA =00 g g
e — W) 1T lu, T, - T
'u(,d—+wz+fl—SL+2Tg/\,=0. 11‘,(—]+2T,L+2—l~-—[~:0,
x

dx dr S
A -T. 4T I, - T,
dT: +2T, w,,+2Tz L : = ko

+w,{l+6)=0. u,

U,

dw,

dr S -=0. 'loE+2f?T311'o+2 :

iy

) dw,
+2Tiq+Ti o =0 .
) durx

dg 2 du,
L3 =+ 2w,
PR (s+ ot iy

dp du, dx,  dT, P

L o L4 L34+ L =0,
vegy Ty Thg ta, TG

d g du, d A g—u
doge gt e A T 2 AN T =0

where ¢ = 0. 1 for two-dimensional and axisymmetric flows, respectively. To check how general

these near-axis equations are, we have solved them starting at « = 0 (nozzle exit) with the

results from the M.C., approximating the density at r = 0 by a Gaussian profile. Fig. 4 shows
| the axial profiles of density (exp (A,)). axal and transversal velocity and temperature as ob-

tained frowm the M.C. and from the near-axis equations (u., w,. T; and T2). Also included is the
‘ profile of heavy component jet width y;.2. The value of ¢i50.05, Sis 2 or 3, and @' 1s 20 or 45
| degrees. A few observations can be made from these figures. As noted before, the particle jet
width reaches a minimum, corresponding 10 the focal region. Somewhere around this point, the
transversal temperature T, reaches a maximum, and the transversal velocity gradient w, goes
through zero (from negative in the pre-focal region. where inertia and drag prevail to determine
a converging heavy molecules flow. to positive in the post-focal region, where heavy molecules
either cross the axis or start being dominated by Brownian diffusion). The axal velocity and
temperature, w, and Ty, have monotonous trends in their relaxation towards the background
properties. They are very accurately described by the near-axis solution, which happens to
be the same as in a deterministic formulation.* The other variables (density, jet width and
transversal temperature, related to A,, A\ and T in the near-axis model) are fairly well pre-
dicted by the near-axis analysis when o' = 207, showing. however, important differences when
o' = 45° when they overestimate T and A, with respect to the M.C. (indeed, when the secding
angle is wide, the assumptions made in the near-axis equations are far from being accurate).
Ref.2 reports an analytical description of the foral structure which predicts that the minimal

beam width is independent of the seeding angle, in agrecinent with the results from the M.C.

11.3.1 Focal characteristics for varying nozzle angles §. The results of the previous
section show that the near-axis simplification of the H.T. is accurately consistent with the full
hyvpersonic equations when the seeding angle is not very wide. In practice, it is desirable to
seed the particles only in the axial region of the jet in order to eliminate defocusing due to
geometric aberration.! For this reason we use these parazial equations to characterize the size
and location of the fucal region as a function of the parameters that govern the problem. Table
I gives the jet width 52, = Y1200/ at the focal point for some values of ¢, the Stokes number
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Fig. 4: 0 — d Density profiles (n). axial and tran<ver<al temperatures (T, and T, ). axal
velocity (u) and transversal velocity gradient (w) along the axis as obtained from the method
of characteristics and from the near-axis hypersonic equations (marked curves). Figures a w «
correspond to (S = 2,0’ = 20, (S = 2. «’ = 45") and (5 = 3. &' = 20°}. respectively. ¢ = 0.05
for all curves. Also included (Fig. 4-d) is the jet width g, 2 as a function of & for the three cases.

Fig. 5: « — b Minimumn of the jet width gy 2, and foeal distance @y as a fanctions of the
Stokes number S for # = 90° (continous line). 60° (dashed line). 45° {dashed and dotted line).
and 30° {dotted line).
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S. the nozzle angle 8, and the inirial jet width at r = =5, ¥1.1.0- .As shown befor.e, the min‘xmum
jet width, 5,/2.n, depends neither on ¢ nor on the seeding jet width yy,2,. and it ranges, in the
cases here computed. between 3.5 and 6. increasing with #. The focal distance ryis also almost
independent of € and ¥, 1,. increasing when either § or S decrease.

S 0 yiya.(e=-5) e Miam 2y | S 0 y._g;,({i—_') € Hiyjam  &f
3 90 T 0.001 3.56 116 5 90 2 0.001 4385 0.88
3 90 2 001 35 116 5 90 2 001 484 091
3 90 4 0.001 3.58 1.16 5 90 4 0.001 4.85 0.88
3 90 4 0.01 356 116 5 90 4 001 485 0.89
3 60 2 0.001 4.13 1.41’ 5 60 2 0.001 532 0.93
3 60 2 0.01  4.13 139 5 60 2 001 5.30 0094
3 60 4 0.001 4.17 140 5 60 4 0.001 545 0.93
? 3 60 4 0.0 413 140| [5 60 4 0.01 531 0.93
3 4 2 0.001 492 208! 5 45 2 0.001 589 1.19
3 45 2 001 490 201! 5 4 2 001 588 1.18
3 45 4 0.00L 491 2.09, 5 45 4 0.001 597 1.19
3 45 4 0.01 4‘9L,2")7l 7175 ‘,‘ﬁ 4 0.01 5.88 1.1_9'

Table I. Width and location of the focal region for some values of S, 0. ¢ and seeding width
! Yz

Figure 5 shows the influence of S on 5,.,,, and x; for nozzle angles § = 90,60.45 and 30

degrees. It is scen that, as S increases. the focal jet width 7,4, decreases very rapidly untill it

| reaches a minimumn for a certain value of § = S§* (which depends on #). The focal distance x;
| decreases monotonically as S increases: first very rapidly. until $ = S*. and then slowly. Ou
the other hand. as @ decreases. both r; and 9, 1., increase. Thus . a nozzle angle of 90° is the
most efficient in concentrating heavy molecules, yielding a minimum of the jet width as low as
Mg =~ 2.85 (i.e., d,./d. about 2.85(mfm,)"?) for S*(90°) =~ L6, at ry= 2.05. (Notice that

d \ the deterministic computations of Ref.3. Sec.V.D. use half of the width of the carrier gas jet
d far downstream, b. as the reference length Lg. instead of d,/2 used here.)
5

III. COMPARISON WITH BROWNIAN DYNAMICS SIMULATIONS

In order to further assess the precision of the H.T., we have carried out simulations using
the technique of B.D.”" modified more recently” to allow the computation of spatial varia-
tions of particle-phase properties. Brownian dynamics, as applied here, produces essentially
exact solutions of the Fokker-Planck equation by simulating large numbers of particle trajec-
tories. To further simplify the simulations. we employed as a model flow field the potential
flow through a two-dimensional hyperbolic nozzle. which may be written in complex notation
as Uy = ilJ, = =1/ 14 =22, where : represents position through : = z + iy. Each of our
simulation runs was carried out using a Stokes number. S = 4. large enough for a focal point
to exist. Particle properties were collected at abour 40 axial locations or tripwires, with 10
radial bins or sampling points at each tripwire (the radial extent of sampling at a given tripwire
was determined by performing a short run first and observing the maxmum radial position
attained by a particle). The time step was dynamically adjusted according to the local carrier
gas velocity gradient. allowing the simulation 1o proceed quickly in regions where the particles
are not too far from equilibrium with the host fuid.
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Figure 6: Comparison between B.D simulations (symbols) and H.T (continuous lines).

Figures 6 present comparisons between the B.D. resulis (symbols) and the H.T.
(lines). In each case, the initial conditions for the numerical inlegraliqn of t}lc
hypersonic results were taken to be the same as those from the simulation point
furthest upstream. The beam widths (not shown) agreed very well, with some 10%
discrepancy past the focus. On the left we show w=v/y on the axis, with fairly good
overall agreemeni. On the right one can sec Tyy along the axis, showing ncarly 50%
disagreement at the pcak, although the shape of the profile is well represented. We do
not know still which of the two computational procedures is most responsible for the
disagreement

IV. COMPARISON WITH EXPERIMENTS

Here we report measured values of y,,» as a function of ¢. for hypersonic seeded jets ex-
panding through round thin-plate orifice nozzles. The heavy species used were W{CQ)y. CBry,
C:Clg, CCly, and Ar, with mp ranging between 352 and 40. The experimental system has been
described in Ref.5. These viscous thre-dimensional compressible lows are quite ditferent from
those considered in earlier sections. Nonetheless, the focusing role of inertia and the broadening
effect of Brownian motion are identical in both cases. Using for Ty and Ug the source stagna-
tion temperature and the carrier gas sound speed, then €€ = ym/m,, where 3y = 1.4 and 5/3
for H, and He. respectively. The beam widths d* = 2y, reported (all lenghts are made dimen-
sionless through the nozzle orifice diameter d,,,) depend on m/m,, S, and on the axial distance
x to the nozzle. Rather than its absolute minimum for each 1nass ratio, we have minimized it
sweeping over S for fixed values of r = 1.3 and 3.2. When plotting d* vs. (m/m,)"?, the curves
are reasonably linear over the range of masses explored. and can be fitted by the expressions
d* = o + 3{mfmy)"?, with the values of o = 0.193,0.393, and 3 = 2.69. 4.162 for mixtures in
H, at r = 1.3 and 3.2, respectively, and o = 0.13.0.096 and 8 = 3.29,7.01 for He mixtures
under identical conditions. The corresponding value of .4 is 3.2 for the most favourable case
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one found numerically ont of all geometries and hydrodynamical conditions explored. Because
it is not very likely that substantially better design conditions might be fonnd, a sad conclusion
results: It does not appear to be possible to concentrate aerodynamically any volatile heavy
vapor within a diameter 10 times smaller than the diameter of the accelerating nozzle. High
resolution aerodynamic focusing belongs exclusively to situations with mass ratios of tens of
thousands, attainable only with microscopic particles several nanometers in diameter or with

i of verv small ¢ in H, at z = 1.3. This number does not differ much from the most favourable

macromolecules.
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